As a result of the comprehensive combination of circular gears and cams, non-circular gears can deliver high output power accurately with continuously variable transmission and have been widely used in vehicles [1], agricultural machinery [2], fluid machinery [3] , light industrial machinery [4] , and so on. Numerous in-depth studies on the design and applications of non-circular gears have been carried out with great academic achievements in recent ten years [5] to [7] . However, the practical applications of non-circular gears are not commensurate with their numerous advantages with manufacturing technology lagging behind the research. Shaping and hobbing are two kinds of efficient cutting methods available for gears. We have realized the machining of non-circular helical gears using gear shaping [8] and [9].Tan et al.
INTRODUCTION
As a result of the comprehensive combination of circular gears and cams, non-circular gears can deliver high output power accurately with continuously variable transmission and have been widely used in vehicles [1] , agricultural machinery [2] , fluid machinery [3] , light industrial machinery [4] , and so on. Numerous in-depth studies on the design and applications of non-circular gears have been carried out with great academic achievements in recent ten years [5] to [7] . However, the practical applications of non-circular gears are not commensurate with their numerous advantages with manufacturing technology lagging behind the research. Shaping and hobbing are two kinds of efficient cutting methods available for gears. We have realized the machining of non-circular helical gears using gear shaping [8] and [9] .Tan et al. [10] have developed a basic mathematical model only for hobbing non-circular spur gears. Tian et al. [11] have built some basic mathematical models for hobbing non-circular helical gears, with helical teeth, by a generating method of helical tooling rack based on non-diagonal hobbing, but provided no processing program for them. We have constructed some hobbing schemes and linkage models based on a four-axis linkage [12] and a five-axis linkage [13] , and have singled out two excellent strategies with their linkage models. All in all, those works make hobbing noncircular (spur or helical) gears possible and greatly improve the production efficiency in contrast to the classic wire electric discharge machining [14] that is used to machine non-circular spur gears. All the hobbing models above keep hobs fixed in their axial positions. Thus, only parts of the cutter teeth on the hob take part in hobbing. Moreover, it is a small fixed section of the cutting edge for each cutter tooth that actually takes part in hobbing. These cutting edges will be abraded continuously during the hobbing process, which will affect the shape accuracy of the tooth profile and its roughness. Load and wear among the cutter teeth of the hob are seriously uneven in hobbing using non-diagonal hobbing. The hob life depends on the cutter tooth that has the largest amount of wear. Thus, hob life in non-diagonal hobbing is extremely low.
In order to solve this problem, and to make the most use of all cutter teeth and make load and wear among them equal, a six-axis linkage strategy and its models for hobbing non-circular helical gears are developed according to a principle of diagonal hobbing in this paper. In this linkage strategy, the hob
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moves along its axis continuously while it is moving in a vertical direction. The linkage strategy and its linkage model have been verified to be correct and feasible by virtual hobbing, dynamics analysis, and hobbing testing. Finally, some practical applications are offered.
LINKAGE STRATEGY BASED ON DIAGONAL HOBBING
A simultaneous five-axis hobbing scheme [13] for non-circular helical gears is shown in Fig. 1 . The projection of the hob in the cross-section of the gear billet is a rack. Thus, the hob spinning as ω b can form a tooling rack. ω c of the gear billet generates a meshing movement with ω b , and both of them keep a strict transmission ratio. As shown in Fig. 2 , the rotation of the pitch curve of the gear billet is a pure rolling along the midline of the tooling rack without slipping. The midline of the tooling rack is tangent to point P with the pitch curve of gear billet. To create a pure rolling, the gear billet should move along both x-axis (namely v x ) and y-axis (namely v y ) while it is spinning as ω c . In order to cut a full-depth tooth, the hob should move along the z-axis (namely v z ). v z has a strict linkage with Δω c , which can form a helical tooling rack to cut non-circular helical gears. In this scheme, the hob is fixed along its axle and the meshing point of the pitch curve is located on the fixed point P in space, and then only part of the cutter teeth around point P actually take part in the hobbing, which will radically reduce hob life and teeth accuracy. Diagonal hobbing implies that hob continuously moves along its own axis so that all of cutter teeth take part in hobbing without damaging the original simultaneous five-axis motion. As shown in Fig. 2 , a diagonal feedrate (v d ) along the hob axis is added to the linkage system. The direction of v d along the hob axis conforms to the rule of right-hand corkscrew with ω b (marked as 'U'), and can also conform to a rule of a left-hand corkscrew (marked as 'V') [15] . From Fig.  2 , we can see:
Fig. 2. Cross-section of gear billet
The original vertical movement v z of the hob creates a resultant velocity v z = + .
Just like circular helical gears, non-circular helical gears can be divided into two types: left-hand gears (marked as 'L') and right-hand ones (marked 'R'). As shown in Fig. 3 :
where the '-' is adopted for left-hand helical gears, the '+' for right-hand ones. A reasonable v z * can be chosen according to the requirements of axial tooth accuracy, and then a proper v z can be determined by the value of v dz . For a non-circular helical gear, the gear billet should rotate an additional cycle when v z * moves a screw lead along the axle of the gear billet [16] , from which the value of Δω c is determined.
Thus, this diagonal hobbing is a simultaneous six-axis linkage method, which includes two implementing schemes: 'U' and 'V'.
LINKAGE MODELS BASED ON DIAGONAL HOBBING
As shown in As shown in Fig. 2 , since the midline of the tooling rack makes a pure rolling at point P with the pitch curve of gear billet, l should be equal to s, as follows. 
Then, v b * is as follows:
Eq. (8) is substituted in Eq. (10):
v x and v y are as follows:
Eqs. (5), (7) and (8) are substituted in Eq. (12),
Due to the pure rolling, the tangent velocity of the gear billet at point P should be equal to the translational speed v b * of the tooling rack. As shown in Fig. 3 , the normal components of the velocities v d , v b * , and v h are v d n , v b *n , and v h n are on the meshing point P. The normal velocity of the gear billet at point P should be equal to that of the hob [11] . Thus,
The value of v h is as follows:
From Fig. 3 , and Eqs. (11), (14) and (15):
For scheme 'U', κ = 1 in Eq. (16); for scheme 'V', κ = -1.
As mentioned, the gear billet should rotate for an additional cycle when v z * moves a screw lead along the axle of the gear billet. Therefore,
Consequently, ω c * can be deduced from Eqs. (2) and (17) .
where the '+' is adopted as the helix direction of the hob, which is in accordance with that of the gear; otherwise, the '-' is adopted. According to Eqs. (13), (16) and (18), a six-axis linkage model based on diagonal hobbing is built by use of a method of equal arc-length for the gear billet such that the velocity of the hob remains constant [12] . ω b , v d and v z are three independent fundamental frequencies, and the other axes move with them in a strict transmission ratio. The linkage model is as follows. 
VERIFYING BY VIRTUAL HOBBING
According to linkage model (Eq. (19)), there are two implementing methods corresponding to the schemes 'U'(κ = 1) and 'V' (κ = -1). Both of the two types of gears ('L' or 'R') can be hobbed by use of the two implementing methods, thus the possible arrangements are as follows: UL, UR, VL, VR. We want to verify these four working conditions by virtual hobbing using MATLAB before their use in practical applications.
A 3 rd order elliptic helical gear is a kind of typical non-circular helical gear for which the polar radius r of the pitch curve changes with differing polar angles θ, and has the essential characteristics of any noncircular helical gear. Consequently, a 3 rd order elliptic helical gear is analyzed as an example in this article and the conclusions drawn can be expanded to other non-circular helical gears with free pitch curve. The equation of the pitch curve of a 3 rd order elliptic helical gears is shown in Eq. (20) [16] . Its key parameters are as follows: A = 140 mm; e = 0.1; m n = 8 mm; β c = 10°34′; Z = 35; b = 50 mm; K = 1; λ b = 3°19′.
The motion of each axis is determined according to Eq. (19) . Each working condition will take 15 seconds to hob one cycle along the pitch curve of the gear and 300 seconds for the whole process. The processing parameters are shown in Table 1 . A tool rack is shown in Fig. 4e ), which can keep in pure rolling along the pitch curve of the non-circular gears in linkage models and then the tooth profile of gears can be enveloped. The tool paths are shown in Figs. 4a to d, which show that a non-circular helical gear can be hobbed correctly based on a diagonal process under each working condition. As shown in Fig. 2 , according to pure rolling, the linear velocity of the pitch curve at point P is constant when both ω b and v d (v dx ) are constant, which can still meet the requirement of equal arc-length for the gear billet. Therefore, the tool paths of all four working conditions shown in Fig. 4 are evenly distributed along their pitch curves, and the profile accuracy of each tooth is uniform under every working condition. v z is controlled by an independent fundamental frequency and makes a linkage with other axes, which is assigned according to Table 1 for every working condition. Thus, v z * determined by Eq. (2) is always -0.167 mm for every working condition. Therefore, the axial accuracy of all teeth is also uniform under every working condition.
In short, a non-circular helical gear whether 'L' or 'R' can be hobbed by use of the scheme 'U' or 'V'. Moreover, their tool paths show that the tooth accuracies under the four working conditions are uniform.
DYNAMICS ANALYSIS FOR THE FOUR WORKING CONDITIONS
For the four working conditions, the characteristics of linear (or angular) velocities (or accelerations) of each axis are analyzed respectively to compare their dynamic performances. We work with the 3 rd order elliptic helical gear mentioned above by taking the values in Table 1 for ω b , v z and v d .
Performance Analysis for Linear (or Angular) Velocities
As shown in Fig. 5 , curves ω c * , v x and v y under the four working conditions are drawn respectively using MATLAB as the polar angle of the pitch curve changes from 0 to 2π. As for ω c * , shown in Fig. 5a , the largest difference between the working condition 'UL' and that of 'UR' is only about 0.3 %, while that between working condition 'VL' and 'VR' is about 0.4 %. An implication can be drawn that tendency to variation of curves ω c * in 'UL' and 'UR' are approximate, the same as in 'VL' and 'VR'. However, the range of ω c * in scheme 'U' ('UL' and 'UR') is significantly larger than that in scheme 'V" ('VL' and 'VR'). The former is about 1.2 times as much as the latter. As shown in Fig. 5b , it was found that curve v x in 'UL' accords well with that in 'UR', and curve v x in 'VL' tallies totally with that in 'VR'. As shown in Fig.   5c , curve v y in 'UL' accords similarly well with that in 'UR', and curve v y in 'VL' tallies totally with that in 'VR'. This is because the helix direction of a gear has nothing to do with its pitch curve, and thus the different rotating direction of the teeth has no effect on v x or v y . As for v x , the largest difference between scheme 'U' and scheme 'V' in Fig. 5b is approximately 16.0 %; as for v y , the largest difference between scheme 'U' and scheme 'V' in Fig. 5c is about 17.0 %. It is thus clear that different scheme ('U' or 'V') have different effects on v x , as well as v y .
Performance Analysis for Linear (or Angular) Accelerations
From Eqs. 
. Virtual hobbing non-circular helical gears based on a diagonal process; a) working condition 'UL', b) working condition 'UR', c) working condition 'VL', d) working condition 'VR', e) tool rack
can be converted into curves v(ω) -t. The curves characterized by some discrete points are fitted into some n-order polynomials by means of a function p = polyfit (t, v(ω), n) in MATLAB [17] . The polynomials thus derived are differentiated by use of pp = polyder (p), of which the differential values a(α) at sequence time t can be calculated using a function a(α) = polyval (pp, t). Curves a(α) -t are derived and shown in condition 'VR'. Nevertheless, the range of α c * in scheme "U" ("UL" and "UR") is about 1.4 times as much as that in scheme 'V' ('VL' and 'VR'). As shown in Fig. 6b , curve a x in 'UL' accords well with that in 'UR', and curve a x in 'VL' tallies totally with that in 'VR'. As shown in Fig. 6c , similarly, curve a y in 'UL' accords well with that in 'UR', and curve a y in 'VL' tallies totally with that in 'VR'. As shown in Fig.  6b , however, the value of a x in scheme 'U' is about 1.36 times as much as that in scheme 'V'. As shown in Fig. 6c , the value of a y in scheme 'U' is about 1.38 times as much as that in scheme 'V'.
In brief, as for ω c * , v x , v y and α c * , a x , a y in scheme 'V', their variation ranges are relatively narrow, which is in favor of speed control for high speed hobbing and can thus ensure that the system has a better dynamic quality. The speed value of every axle in scheme 'U' is no more than 120 % of the corresponding one in scheme 'V'. The acceleration value of every axle in scheme 'U' is no more than 140 % of the corresponding one in scheme 'V'. Since it may not result in a drop in control performance, scheme 'U' can also be adopted for medium-low speed. As for high speed, however, scheme 'U' is not suitable because excessive hobbing speeds or accelerations will reduce the control accuracy and dynamic quality of system. Moreover, a conclusion can be drawn that the speeds and accelerations of every axle in scheme 'U' or scheme 'V' will have no effect on the different rotating direction of the teeth.
IMPLEMENTATION STRATEGIES FOR LINKAGE MODELS
Being subject to the influences of cutter material, main shaft bearing, machine stiffness and so on, a gear hobbing machine should give priority to scheme 'V' ('VL' or 'VR'), although all four working conditions mentioned can be adopted when hobbing speed is not high. The length of a hob axis should not be too long given the stiffness of the process system, which means that the length of many hob axes cannot meet the hobbing demand of gears with too long pitch curves or too wide teeth. That is because hobs move along only one direction in their axes under the four working conditions. For higher speeds, a method called repeating axial shift can be applied to solve the above problem. Only scheme 'V' is used in this method. The hob cuts along (or perpendicular to) its shaft at the beginning. As the meshing point P moves to the end of the hob axis, the hob will cut off along (or perpendicular to) its shaft and go back to the beginning with no cutting stroke and then cut in again. Thus, the meshing point P goes back to the beginning of hob axis, and so forth. In this method, a long idle travel time is indispensable. Moreover, because of the secondary feed, there are lots of connective cutting marks on the tooth flanks.
As for medium-low speed, a method called reciprocating axial shift can be applied to solve the above problem. Scheme 'V' is adopted firstly. When the meshing point P moves to the end of the hob axis, scheme 'U' is subsequently applied, in which point P moves in reverse from the end to the beginning. When point P reaches the beginning, scheme 'V' is adopted again, and so forth. Because this gets rid of the deficiencies of repeating axial shift, this method should be given priority in applications.
ANALYSIS FOR HOBBING EXPERIMENTS
According to the linkage model in Eq. (19), a manufacturing module (including repeating axial shift and reciprocating axial shift) for non-circular helical gears has been developed based on a hobbing platform using ARM & DSP & FPGA [18] , which has been used in a gear hobbing machine (STAR-2014 G). The 3 rd order elliptic helical gear mentioned using the method of reciprocating axial shift ('VL' & 'UL') and the processing parameters shown in Table 1 is shown in Fig. 7 . Four standard hobs [19] connected in series are installed on the hob axis, the parameters of which are as follows: m n = 8 mm, L b = 132 mm, Z b = 10. This shows that non-circular helical gears can be hobbed correctly. To compare and analyze the properties of diagonal hobbing for non-circular helical gears, we conducted another experiment based on the method of non-diagonal hobbing at the same time. The nondiagonal hobbing experiment can be transformed from the diagonal one with the same efficiency by setting v d = 0 and v z = -0.167 mm/s.
Hob Life
In the two experiments, the material used for the gear billets is 45 carbon steel and that of the hobs highspeed steel coated TiN. The wear standard of a hob is a permissible value VB per of flank wear at a normal wear stage [20] . The prescribed limits of VB per is 0.2 mm. 3 rd order elliptic helical gears are hobbed using diagonal hobbing and non-diagonal hobbing separately in the range of wear standard. The measured values of wear width VB on the flanks of the hobs are shown in Fig. 8 in the two experiments. On the one hand, the wear mass loss on the flank of hob reach VB per after hobbing 12 gears in non-diagonal hobbing. Therefore, L m is 21358 mm according to Eq. (22) [20] . On the other hand, L m is 311466 mm in diagonal hobbing up to the VB per after hobbing 175 gears.
l Zbn
It was found that wear parts are mostly focused on the 8 th to the 21 st cutter teeth in non-diagonal hobbing.
Moreover, wear appears particularly severe around the 16 th one. However, the 1 st to the 7 th cutter teeth and the 22 nd to the 35 th ones do not participate in hobbing and their wear is nearly zero. On the other hand, there is certain wear from the 2 nd cutter tooth to the 34 th one in diagonal hobbing. Particularly, the wear width VB of the 6 th to the 31 st cutter teeth generally remains at around 0.193 mm. A formula for hob life T is shown in Eq. (23) [20] , from which we can see that the hob life in diagonal hobbing is about 14.58 times longer than that in non-diagonal hobbing. In view of this, there is actually only one standard hob involved in cutting for non-diagonal hobbing and the other three hobs can be used latter, the actual ratio is about 3.68. 
Obviously, the meshing point P (see Fig. 2 ) moves at a constant velocity along the pitch line of the hob in diagonal hobbing, in which every cutter tooth participates in hobbing equally and then stress or heat is uniformly distributed. Thus, hob life can be improved significantly.
Accuracy of Teeth Profile
As shown in Fig. 9 , a pitch curve is drawn on the theoretical model of a gear in cross-section, which is then offset proportionally by a distance of 3 mm and 6 mm separately inwardly and outwardly [21] . Consequently, curves such as a, b, c, d, and e are formed. There are two intersections between each curve with both sides of each tooth, as shown in Fig. 9 . Therefore, there are 350 intersections in all. The corresponding curves a, b, c, d, and e are curved slightly on the cross-section of the 3 rd order elliptic helical gear hobbed using a miniature milling cutter on an NC milling machine. The absolute coordinates of the intersections mentioned above on the x-axis and y-axis can be measured by a coordinate measuring machine separately. Order {δ x } is a set of errors between the measured values and the theoretical ones on the x-axis, and {δ y } is that for the y-axis. Frequency distribution of {δ x } and that of {δ y } are shown in Tables 2 and 3 separately. As shown in Fig. 10 , an error-distribution image of {δ x } and {δ y } is developed with the median of intervals as a horizontal axis and frequency as a vertical one. From Fig. 10 , it can be found that both {δ x } and {δ y } are basically at a normal distribution Tables 2 and 3 . This indicates that the measured values on the teeth have a large error for the part of the pitch curve with a small curvature radius. That is to say, the larger the curvature radius of the part of pitch curve, the higher the precision of tooth accuracy. 
Microtopography of Tooth Flank
As shown in Fig. 11 , the 1 st tooth flanks of the 3 rd order elliptic helical gears obtained by the two hobbing methods are imaged respectively using a Scanning Electron Microscope (SEM, 5.0 kV 8.0 mm × 8.00 k). The tooth flank shown in Fig. 11a is cut using nondiagonal hobbing, in which the cutting marks are approximately parallel with the gear axis. When two gears with the same surface features mesh together, their cutting marks occlude mutually and usually make the gear train vibrate, which not only reduces the stability of the gear driving system, but also increase the system noise [23] . In some cases, some troubles such as gear vibration and ultimately result in failures can be caused [24] . The tooth flank shown in Fig. 11b is cut by the diagonal hobbing, in which the cutting marks are not parallel with the gear axis, and are mainly distributed as some S-shaped curves.
Because of having different cutting-mark direction, pair of gears engage stably and do not occlude. 
CONCLUSIONS
Hobbing is a highly effective machining process. The traditional non-circular hobbing process keeps the hobs fixed in their axial positions, which means that the load and wear on the cutter tooth of the hob are extremely uneven. The hob life depends on the cutter tooth that has the largest amount of wear and thus hob life is extremely low.
1) The strategy of diagonal hobbing offers a possible solution, which can completely solve the issues mentioned. Moreover, four kinds of probable working conditions and linkage models have been provided, which have been verified by virtual hobbing. Their tool paths show that the tooth accuracies under the four working conditions are uniform. 2) Some conclusions drawn from the dynamics analysis: As for high-speed hobbing, scheme 'V' should be given priority in applications because it has better dynamic qualities of velocity and acceleration versus scheme 'U'. As for mediumlow speed hobbing, both scheme 'U' and 'V' can be used, although scheme 'V' is better. The speed and acceleration for every axle in scheme 'U' or scheme 'V' has no effect on the different rotating direction of the teeth. As a result, two implementation strategies including repeating axial shift and reciprocating axial shift have been offered. The latter has been used in this article because it leaves no connective cutting marks on the tooth flanks and has no idle travel of the hob compared to the former. 3) These hobbing experiments demonstrate that the linkage model in Eq. (19) and its implementation strategies are both accurate and feasible. Moreover, diagonal hobbing is superior to nondiagonal hobbing in that the hob life of the former is 3.68 times longer that of the latter and the micro-topography on the teeth surface of the former can be more stable for transmission. 
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